We prove the following theorem: Let 
1 + 1 x x = e 1 - ∞ k=1 b k (1 + x) k = e 1 -
Introduction
The Carleman inequality [] ∞ n= (a  a  · · · a n ) /n < e ∞ n= a n , whenever a n ≥ , n = , , , . . . , with  < ∞ n= a n < ∞, has attracted the attention of many authors in the recent past [, -].
In 
whenever a n ≥ , n = , , , . . . , and  < ∞ n= a n < ∞, with b  =   and
In the final part of his paper, Yang [] remarked that in order to obtain better results, the right-hand side of (.) could be replaced by e[ - and therefore the following inequality is better than (.):
The proof of this conclusion is based on the following theorem [], which is a powerful tool for measuring the speed of convergence.
Theorem If (ω n ) n≥ is convergent to zero and
with k > , then there exists the limit
The purpose of this paper is to establish some inequalities which explain Mortici's conclusion in a quantitative way. But our proof is not based on the theorem.
Our main result is the following theorem.
Theorem  Let
 +  x x = e  - ∞ k= b k ( + x) k = e  - ∞ k= d k (   + x) k , σ m (x) = m k= b k ( + x) k and S m (x) = m k= d k (   + x) k . () If m ≥  is even, then S m (x) > σ m (x) for all x > . () If m ≥  is odd, then S m (x) > σ m (x) for all x > .
Lemmas
In order to prove our main results we need the following lemmas, and throughout this paper we set
Here  ≤ s ≤ , x > , and m ≥  is an integer.
. Now, we prove (.). If n is an odd, then d n+ is obviously positive.
If n is an even, then we have for all 
Remark  By Lemma , it is not obvious that S m (x) > σ m (x).

Lemma  Let m ≥  be an integer, we have
Proof The proof is similar to the proof of (.).
Lemma  Let x > , and m ≥  be an integer. Then we have for all
>  for all x > , the inequality (.) is equivalent to
To prove (.), we define h  (s, x) as
Easy computations reveal that
Thus from (.), (.), and (.), we have
Lemma  Let x > , and m ≥  be an integer, then h(s, x) is a monotonic increasing function of s on [   , ]. If m is an odd, then h(s, x) is a monotonic increasing function of s on
Proof It suffices to show that 
,
If m is an odd, then for  < s <  
, we have
From this and (.), we get
This completes the proof of Lemma .
Lemma  Let m ≥  be an integer, then we have for all x
The equality (.) follows immediately from
Proof of Theorem 1
Proof By Lemma  and Lemma , we get for m ≥  
